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New Mixing-Length Model for Turbulent High-Speed Flows
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Abstract

T HE new mixing-length model developed here to account
for compressibility on turbulence for high-speed flows is

a generalization of PrandtPs original mixing-length model. It
involves a new parameter S, which acts as an effective
turbulent Schmidt number for mixtures or a turbulent Prandtl
number for a homogeneous gas. The new model and PrandtPs
original model are both applied to six test cases including high
Mach number flows over a flat surface, tangential slot
injection, and shock/turbulent shear-layer interactions. The
numerical method of flux splitting with Roe's scheme to solve
the time-averaged Reynolds form of the mean, thin-layer,
Navier-Stokes equations has been adopted. The predictions
with the new mixing-length model are generally in better agree-
ment with the data in cases where there is a large difference
between the two predictions.

Contents
New Mixing-Length Model

One of the important Reynolds stresses for thin viscous
layers is

Txy = ~ p U'V' - U p'v' - V p'u' - (1)

In thin layers, ii>v, so u p'v'>v p'u'. Also, the term
p'u'v' is higher order. Thus,

Txy ~ — p U V — U p V '

Generally, one can write

U'2 V V ' 2

Assuming u ' ~ du/dy and ̂ /^ ~ ^/^-^,

dft

From the preceding relations,
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Prandtl,
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This is PrandtPs original mixing-length hypothesis.1
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dp
Assuming now ^J —-^ = lp —, one obtains

. dp du I2
m dp du= - cpvlp- const/w -^ — = -f / —

d y dy S dy dy

where S = (cuvlu)/(cpvlp). Finally,

u dp du

Putting Eqs. (5) and (6) into Eq. (2), we obtain

' — ji(- — - ^E\ —
?xy = ™(P~^+s~dyJ~dy

For physical reasons, one needs an absolute value sign:

du u du
dy

7xy ~ lm

For thin layers, fit = r'xy/(du/dy), so

2 _ du u dp
^ ~ m P dy S dy

From gradient transport theory for a mixture

(6)

(7)

(8)

(9)
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With the turbulent Schmidt number Sc,,

Sct
 mSctdy

where we use, for convenience, the Prandtl formula. Thus,

——— dp ~ u dp du
— / - . / — 7 \̂ " IZ "

(U)

(12)
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Fig. 1 Comparison of predictions and data from Ref. 2 for M = 6.55
flat plate flow.
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Fig. 2 Comparison of predictions and data from Ref. 3 for slot
injection with M\ = 2.85 and M2 = 1.00.
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Fig. 3 Comparison of predictions and data from Ref. 4 for heated
slot injection with MI = 3.0 and MI = 1.7.

Comparing Eq. (6) with Eq. (12), it can be seen that 5 is,
approximately, the turbulent Schmidt number. For a single
species gas, we cannot use the concept of a Schmidt number.
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Fig. 4 Comparison of predictions and data from Ref. 4 for profiles
after shock/heated shear-layer interaction.

If the turbulent Lewis number is unity, the energy equation for
a multispecies gas will reduce to the energy equation for a
single species gas. So, one can consider that the single species
case corresponds to a Lewis number equal to one and the value
of S is close to Prt. We have adopted S « Prt » Sct * 0.8.
Results and Discussion

To test the new model, six cases were chosen, and solutions
with both the current model and PrandtFs model were ob-
tained and compared with experimental results.

The first test cases were high-speed turbulent boundary
layers over a flat plate with heat transfer at Mi = 4.61 and
A/! = 6.55.

The second cases are sonic and supersonic slot injection
flows. The third slot injection case had a thick initial
boundary.

The next case was a heated, supersonic slot injection prob-
lem, with «2/wi = 0.86.

The final test cases involve shbck/turbulent shear-layer
interactions.

A few typical results from this wide range of test cases are
shown in Figs. 1-4. For cases with a large difference between
predictions, the new model is generally better. Thus* we con:
elude that the new model includes more of the physics of
turbulent flows with strong compressibility effects.
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